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Sets and Bayes Rule

Properties of Sets

P(A) = P(A|B)P(B) + P(A|¬B)P(¬B)

P(¬A) = 1 − P(A)

P(A ∪ B) = P(A) + P(B)− P(A ∩ B)

P(A ∩ B) = P(A|B)P(B)
= P(B|A)P(A)

P(A|B) = P(A ∩ B)
P(B)

Bayes Rule

P(A|B) = P(B|A)P(A)

P(B)

=
P(B|A)P(A)

P(B|A)P(A) + P(B|¬A)P(¬A)

Measures of Spread

Variance

Var(X) ≡ E
[(

X − E[X]
)2
]

• Var(c) = 0, where c is a constant

• Var(X) = E[X2]− E[X]2

• Var(aX) = a2 · Var(X), where a is a constant

• Var(X + Y) = Var(X) + Var(Y) + 2 Cov(X, Y)

• Var(X + Y) = Var(X) + Var(Y), independent X, Y

Covariance

Cov(X, Y) ≡ E
[(

X − E[X]
)(

Y − E[y]
)]

• Cov(X, X) = Var(X)

• Cov(X, c) = 0, where c is a constant

• Cov(X, Y) = E[XY]− E[X]E[Y]

• Cov(X, Y) = 0 for independent X, Y

• Cov(X, Y) = Cov(Y, X)

• Cov(aX, Y) = a · Cov(X, Y)

• Cov(X, Y + Z) = Cov(X, Y) + Cov(X, Z)

Correlation

Corr(X, Y) ≡ Cov(X, Y)√
Var(X)Var(Y)

• Corr(X, X) = 1

• Corr(X, Y) = Corr(Y, X)

• X, Y independent =⇒ Corr(X, Y) = 0

• −1 ≤ Corr(X, Y) ≤ 1

• Corr(aX, Y) = sgn(a)Corr(X, Y)

Joint, Marginal, Conditional
Conditional Expectation

E[X|Y = y] = ∑
all x

xP(X = x|Y = y)

E[X|Y = y] =
∫

over x
x fX|Y(x, y) dx

fY(y) =
∫

over x
f (x, y) dx

• E[E(Y|X)] = E[Y]
• E[X + Y|Z] = E[X|Z] + E[Y|Z]
• E[Y] = ∑all x E[Y|X = x]P(X = x)
• E[g(X)Y|X] = g(X)E[Y|X]

• Var(X) = E[Var(X|Y)] + Var(E[X|Y])

Joint, Marginal, Conditional Probabilities

P(X = x, Y = y) = P(x, y)

P(X = x) = ∑
all y

P(X = x, Y = y)

= ∑
all y

P(X = x|Y = y)P(Y = y)

f (x, y) =
∫

over x

∫
y(x)

f (x, y) dxdy = 1

fX(x) =
∫

y(x)
f (x, y) dy

fX|Y(x, y) =
f (x, y)
fY(y)

Moment Generating Functions
Definitions and Properties

MX(t) = E
[
etX

]
= ∑

all x
etx pX(x)

MX(t) = E
[
etX

]
=

∫
over x

etx fX(x) dx

MX+Y(t) = MX(t) · MY(t)

d
dt
[MX(t)] = E[X],

d2

dt2 [MX(t)] = E[X2]

Common Distributions

Binomial(n, p) : (1 − p + pet)n

Geometric(p) :
pet

1 − (1 − p)et for t < − ln(1 − p)

Poisson(λ) : eλ(et−1)

Gamma(r, λ) :
(

1 − t
λ

)−r

N
(

µ, σ2
)

: exp
(

tµ +
1
2

σ2t2
)
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